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INVARIANT TORI FOR THE BILLIARD BALL MAP

VALERY KOVACHEV AND GEORGI POPOV

ABSTRACT. For an n-dimensional domain Q (n > 3) with a smooth bound-
ary which is strictly convex in a neighborhood of an elliptic closed geodesic
@ . the existence of a family of invariant tori for the billiard ball map with a
positive measure is proved under the assumptions of nondegeneracy and N-
elementarity, N > 5, of the corresponding to # Poincaré map. Moreover,
the conjugating diffeomorphism constructed is symplectic. An analogous result
is obtained in the case n = 2. It is shown that the lengths of the periodic
geodesics determine uniquely the invariant curves near the boundary and the
billiard ball map on them up to a symplectic diffeomorphism.

1. INTRODUCTION

Let Q be a strictly convex and compact domain in R", n > 2, with a
boundary 9Q of class C* . In this paper, we investigate the so-called billiard
ball map B near the boundary S"9Q of the coball bundle £ = B*9Q =
{(x,%) € T"0Q; |£| < 1}. The billiard ball map is an exact symplectic map
in the interior of X [6] which is singular on the boundary 9X. The local
behaviour of B near X was described by Melrose. Using the equivalence
theorem for glancing hypersurfaces proved by Melrose [15] one can introduce
local symplectic coordinates (x,¢) in 77°9Q near any point p € ST0Q so that
B*0Q ={& _, >0} and the billiard ball map B assumes the form

(x,8) = (x',x,_ =& .8, & >0,

where x' = (X5 oo X, )

This result is of particular importance for the construction of a local para-
metrix in Q for the mixed problem for the wave equation. Our goal in the
present paper is to construct global symplectic coordinates near a closed curve
lying in X in which B assumes a “normal form” similar to the one described
above. N

First we assume that n > 3. Let & be a closed bicharacteristic in S 0Q,

i.e. a closed trajectory of the Hamiltonian vector field X,, with Hamiltonian
H(x,&) =|¢| for (x,&) e T"9Q. Denote by @ C dQ the projection of @ on
0Q which turns out to be a closed geodesic on 9Q.
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We suppose that & is elliptic and the corresponding to @ Poincaré map P
is nondegenerate and N-elementary, N > 5. Our aim is to prove the existence
of a family of invariant with respect to B submanifolds A, C £ near &, dif-

feomorphic to the (n— 1)-dimensional torus T"~' = R"™'/(272Z)"~", which are
enumerated by I belonging to a Cantor set E with a positive Lebesgue mea-
sure in R"~'. We shall construct a smooth function K in R"™', K(©0) =0,

grad K(0) F 0 and an exact symplectic transformation U from a neighbour-
hood of @ into T*(T"~') mapping A, into T"~' x {I} for I € E such that
B assumes the following “normal form

B(g,I) = (¢ —grad(3(K()'*), )

forany p € T" ' and T €E.

The existence of a family of invariant tori for the billiard ball map in the case
n = 3 was announced by Svanidze in [20]. In contrast to [20] we construct the
conjugating diffeomorphism U symplectic and describe precisely the singularity
of B near 0X. The motivation for the symplecticity of U comes from the
microlocal analysis, it arises naturally when one tries to construct quasimodes
for the Laplace operator near Q2 using Fourier integral operators. Indeed, the
billiard ball map B can be considered as a boundary map J, for the pair of
glancing hypersurfaces F = T,,R", G = S'R" = {(x,¢) € T R"; |&] = 1}.
Using Theorem 1 of the present paper, one of the authors proved in [18] that
F and G can be put together into the “normal form”

F={x,=0}, G={&-x,—K(I)=x,p(p,I,5)}

via an exact symplectic transformation y: T°R" — T*(T""' x R') near & c
T R where p = 0 whenever I € E. This is the crucial point used in [18] for
the construction of quasimodes for the Laplace operator with Dirichlet (Neu-
mann) boundary conditions whose “frequency set” is just the union of the bro-
ken bicharacteristics passing over the invariant tori of the billiard ball map.

In the case n = 2 Lazutkin [12] proved the existence of invariant curves
A, for the billiard ball map B near any of the two connected components of
9% =S70QUS 0Q, SL0Q =0Qx {*1}, with rotation numbers w belonging
to a Cantor set R with a positive measure. Moreover, he constructed a diffeo-
morphism U': T' x (6,,6,) = X, 0 <, <,, mapping T' x {w}, w € R,
into A and such that B, = U “'BU is given by

(y,w) — (y+w (mod2n),w) on T' x {w}.

In the present paper we give a more precise symplectic version of Lazutkin’s
result (see Theorem 2) which provides a symplectic “normal form” of B on the
invariant curves in a neighbourhood of 9X. As a consequence we show that
the lengths of the periodic broken geodesics in Q C R’ determine uniquely the
invariant curves A and B[, uptoa symplectic map.
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Let us expose this result in more details. With any periodic point p € £\ 9Z
of the billiard ball map one can associate two integers n, m € N where n is
the period and m is the winding number normalized by 2m < n. Denote by
I'(m, n) the set of periodic orbits g = {g,,...,&,}, ng = &/11 (mod n) with a
winding number m .

Let L(m,n) be the set of the lengths of the periodic broken geodesics in Q
corresponding to the periodic orbits g € I'(m,n) and denote by

] [n/2]
Q= (U L(m,n)u{nlo})
n=1

m=1
the length spectrum of Q where [, is the length of 9Q.

Let Q, and Q, be two strictly convex domains in R’. Denote by B,
and B, the corresponding billiard ball maps acting in ! and ¥ respec-
tively. Guillemin and Melrose conjectured in [6] that if £(Q,) = £(2,) and the
eigenvalues of the linear parts of the Poincaré maps corresponding to broken
geodesics in 5, and ﬁz with one and the same length coincide, then B, and
B, can be conjugated by a symplectic map.

In the present paper we give a partial answer to this question. We prove that
if L,(m,n)=L,(m,n) for m/n <6, d >0, there exists an exact symplectic
map x: 2 - ¥ and some sets Z; c X', i=1,2, of positive measure (see
conditions (i), (ii) in §2) and consisting of invariant curves for B, and B,
respectively so that

1(EQ) =%, and  x(B/ly) = Byls:.

We turn now to an outline of the paper.

In §2 the main results are formulated. §3 has a preliminary character. Here
we give some facts about the so-called approximate interpolating Hamiltonian
introduced by Marvizi and Melrose [14]. Thisisa C o function { defined in
a neighborhood of @ in T*0Q which defines S*9Q near @ as {{ =0} and
such that ,

B(p) = exp(~{'2X,)(p) + O(L™).

§4 is devoted to the construction of a completely integrable Hamiltonian ¢,
close to { and of some “action-angle” coordinates for {,. More precisely,
making use of the normal form of Birkhoff for P, we find some symplectic co-
ordinates (¢,1) € T" ' xR"™" in which the interpolating Hamiltonian (¢, 1)
can be regarded as a perturbation of a polynomial {,(I). The coefficients of
{o(I) depend only on the normal form of Birkhoff and the length of the closed
trajectories of X ¢ on the orbit cylinder associated with the nondegenerate tra-

jectory . Now the billiard ball map can be regarded as a perturbation of
BO = CXp(—X%gg/z) .

In §5 we apply the Kolmogorov-Arnold-Moser (KAM) theory to the map B,
close to B . For this purpose, using some ideas of [4, 5], we reduce the problem
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to finding invariant tori for a suitable Hamiltonian system close to a completely
integrable one. The respective Hamiltonian is nondegenerate in the interior
of X but it has a singularity of the form CS/ ? on 9. To overcome this diffi-
culty we first consider the corresponding Hamiltonian systems in some compacts
a way from 60X and apply a refined version of Pdschel’s theorem [19] follow-
ing the dependence on the various constants (see the Appendix). Next we glue
the symplectic maps obtained together using some uniqueness results about the

invariant tori. In §6 we consider the case n = 2.
2. MAIN RESULTS

First let us recall the definition of the billiard ball map B: X — X (cf. [6]).
Denote by v(x) the exterior normal vector at x € 9Q2 normed by |v(x)| = 1.
If £ € T:0Q and [¢] < 1, then there exists a unique vector e(x,¢) € R”
such that [e(x,&)| =1, (v(x), e(x,&)) <0 and (v,&) = (v,e(x,&)) for any
ve T .0Q. Here (, ) denotes the scalar product in R” and 770Q and T ,0Q
are identified with R"™' via the Euclidean metric. Denote by y the first point
of intersection of the ray {x + te(x,&), t > 0} with 9. This point is unique
if the hypersurface is strictly convex. Let 5 € T:@Q be such that |7 <1 and
(v, e(x,&)) = (v, n) forany v € T.,0Q. For (x,&) € ZN{|¢| < 1} we define
B(x,&) = (y,n) and extend B to 9% by B(x,&) = (x,¢) for [E]=1.

Let us give a precise formulation of the assumptions imposed on the closed
geodesic @ on the C™ hypersurface Q. Let p be an arbitrary point of @
and let W C 9% be a local transversal section of & at p of dimension 2n—4.
Denote by P the Poincaré map associated with the Hamiltonian flow of X, ,
H(x,&) =|&], (x,&) € T"0Q and by dP the differential of P at p. First we
assume that @ iselliptic, i.e. all the eigenvalues 4, , /1,:' ,k=1,2,...,n-2,
of dP are on the unit circle {A € C;|i| =1} and 4, # £1. Next we suppose
that the Poincaré map P is 2N + l-elementary for some half-integer N > 3/2.
This means that the eigenvalues of dP are distinct and

n—-2 n—2
(2.1) T4 #1 if1<> il <2N+1.
k=1 k=1

Let w be the canonic symplectic form on 7°9Q. There exist local coor-
dinates (z,{) mapping a neighbourhood of p in W into a neighbourhood
of O € R""™* such that wl, = Zj;z dz, Ad{; and if we introduce polar
coordinates (¢,r) by

z, = 2rjcos¢j, Cj = 2rjsin(oj, j=1,2,...,n=2,
then we can represent the Poincaré map P: W — W as
(2.2) Pp,r)=(p+By+Br+--+0(r"), r+o(r*").

Form (2.2) is called normal form of Birkhoff (cf. [9]). We make the nonde-
generacy assumption
(2.3) det B, # 0.
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In order to formulate our main results we shall need some additional notions.

A C' diffeomorphism from T°M into TN where M and N are C~
manifolds is said to be exact symplectic if it preserves the integrals of the fun-
damental 1-form over the fundamental cycles.

A function S(y,&) is said to generate an exact symplectic transformation
T:T"M — T"M, where M is either R" or T" if

graph 7 = {(x,&; T(x,¢));(x,&) € T" M}

has the form

graph T = {(y — S,(y,¢),&;».& =S, (v, )}

and |detS . (y,¢)| <1 for (»,§)€eT"M.
Denote by ' c R"™"
(24) T={eR" L <L <Cl ., j=2,...,n-2,

C3112b Siy— In—l < C4112b’
where Cj, a, and b < 1/2 are some positive constants and 2n¢, is the period
of @.

For any point (p,q,¢ I ) eR7 xR x T xR' we introduce

n—1°"n-1

a set of the form

0<I <ay}

symplectic polar coordinates (¢,1) € T" ' x R"™' by

pj-——,/Zchosq)j, qj=,/21jsin(pj, j=1,...,n=2.

Denote by V' the set of points (p,q,¢,_,,I,_,) with symplectic polar coor-
dinates (¢,1) € A" ' =T"' xT andlet #° = {(0,0,0,_,,t,);0,_, € T ¢
V', V being the closure of V.

Our main result is

Theorem 1. Let Q be strictly convex in a neighbourhood of a closed elliptic
geodesic @ C 0Q such that the corresponding Poincaré map P satisfies (2.1)
with N > 2 and (2.3). Then there exists an exact symplectic diffeomorphism

U:V > UTV)cCZ, UL’ =& = UTV)NIZ, a Cantor set E C T with a
positive Lebesgue measure, (0,t,) € E, some smooth functions K and g in

T and A" respectively, K(0,t)) = 0, gradK(0,t,) # 0, so that in polar
coordinates (¢ ,1I) € A" the exact symplectic map By(¢,I) = U_'BU((o,l)
is generated by the function —3(K(I ))3/ g glp,I) and

(2.5) gp,1)=0 foranypeT' ' I€E.

Here K € C*()n C"(T), D,g € C*(A""")nC*(A"™") for any multi-index

a and U e C®(V)NC* (V) where K is the entire part of N — 1. Moreover,
if N>3, theset E can be chosen so that

(2.6) mes(ENB,)/mes(I'NB ) =1~ O(ab)
where B, is the ball of radius a < a,.




50 VALERY KOVACHEV AND GEORGI POPOV

Remark 2.1. Equality (2.5) yields D}D}g(¢,I)=0 forany p € T""', I € E
since E has no isolated points. Thus (2.5) is equivalent to

n—1

By(¢,I) = (¢ +gradt(]) (mod2x),I) for (p,I)eT xFE

where (/) = —%(K(I))m. Moreover, ng((p,O) =0 forany B, |B|<k.

Let us turn now to the case n = 2.

Suppose that Q is a strictly convex domain in R’ witha C™ smooth bound-
ary 0Q of length /[, = 2xnl. Denote I' = [[ -4, ] C R', A=T"xT for
some positive constant J,. Then the following theorem is valid which is a
counterpart of Theorem 1 for n = 2.

Theorem 2. Let Q be a strictly convex planar domain with a smooth boundary
of length [,. Then there exists an exact symplectic diffeomorphism U:RA — X,
U (Tl x {1}) = S:@Q, a Cantor set E C T with a positive Lebesgue measure,
| € E, and some C* functions K(I) and g(p,I) in T and A respectively,
K() =0, K'(I) < 0, such that the exact symplectic map B, = U 'BU is
generated in A by the function —%(K(I))y2 + g(o,I) and (2.5) is satisfied for
any (peT', leL.
Moreover, the set E can be chosen so that for any 6 € (0,6,]

(2.7) 6 —mes(EN[(—4,1])<C,o"
Remark 2.2. Equality (2.5) for n =2 yields again
By(p 1) =(p+7(D).D)+ Q. 1)
where (/) = —%(K(I))y2 and Q(¢,1)=0 forany (¢p,)eT'xE.

Remark 2.3. The invariant tori given in Theorem 2 can be enumerated by their
rotation numbers which in the two-dimensional case determine the invariant tori
uniquely. The set R of rotation numbers is defined by the small denominator
condition as follows. First for any j € N consider

(28) R ={we @ 47" ) jok — k)22 Ik
for any (k, ,k,) € ya \ {0}}

where ¢ > 1 and ¢ > 0 do not depend on j. Now, we write R = (U;'il RN

(0,6,) for some &, > 0. Thentheset E canbegivenby E = {I € I';7'(I) € R}
as we shall see in the proof of Theorem 2.

Denote £, = U(Tl x E). Obviously, X, is a subset of X such that

(i) Z is the union of invariant curves of B with rotation numbers in R.

(ii) mes(’) — mes(£’ NZ,) < C, 6" forany 6 € (0,6,], N >0 and some
Cy >0 where ¥’ =0Qx[l1-4,1].

Let Q, and €, be two strictly convex domains in R’. Denote by B, and
B, the corresponding billiard ball maps acting in ¥ and =* respectively and
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by L,(m,n) the sets L(m, n) defined as in §1 for Q,, i =1,2. Let R be

given as in Remark 2.3, and Z , i =1,2, be the union of the invariant curves
of B,, i=1,2, with rotation numbers in R.

Theorem 3. Suppose that L,(m,n) = Ly(m,n) if m/n <6 for some § > 0.

Then there exists an exact symplectic map x: 3?2 = 2 such that x():i) = 2}{

and X*(B||z;) = B,|5, . Moreover, the set E and the restriction of K on E
R

are determined uniquely by the set of rotation numbers R and by L(m,n) for

m/n<9d.

Theorem 1 was announced in a slightly weaker form in [11] and Theorems
2 and 3 in [17] where an idea of the proof was also given.

3. INTERPOLATING HAMILTONIAN

The equivalence theorem of Melrose [15] for nondegenerate glancing points
(cf. also [8]) can be applied to the transversally intersecting hypersurfaces S*R”
= {(x,&) € T'R";|¢| = 1} and T,4R" = {(x.,&) € T'R";x € 9Q} in the
symplectic manifold 7°R" since the manifold of glancing points 0% = S*9Q
consists entirely of nondegenerate glancing points provided that Q is strictly
convex in a neighbourhood of & (see [13]). Thus in a neighbourhood U C
T"9Q of any point (x,&) e @ C X we can introduce symplectic coordinates

(y’”)z(yl:y 1,'7 N,_ 1) x(x, é) such that 0XNU = {']n 1—0} n,_ 1_
0 in 2NU and

xoBox_'(y,n)=(y',y,,_l—n,i/_zl,n)-
Then
B(x,&) = exp(— nn ,(x X, )x,8).

We can say that B is locally interpolated by the Hamiltonian flow generated
by the function 75, ,(x,{) which is called a local interpolating Hamiltonian
for the billiard ball map.

We shall use the following proposition whose assertion is given in [13] without
proof.

Proposition 3.1. Let {;, j =1,2, be local interpolating Hamiltonians for the
billiard ball map in a neighbourhood U of p, € 0X. Then {, —{, vanishes to
infinite order on 0X.

Proof. As noted in [13], the assertion of Proposition 3.1 can be derived from
the proof of Melrose [15]. For the sake of completeness here we give a direct
proof of it which is close to the proof in the two-dimensional case [14].

Let (x,&¢) and (y,n) be symplectic coordinates in a neighbourhood U of
Py € OX such that X(,DO) = é(po) = y(po) = ’7(:00) =0, UndX= {é,,-| =0} =
{n,_,=0},¢,_,>0and n,_, >0 in UNZ and

(3.1)  B(x,&)=(x',x,_,—&”.8,  By.m=0"v,_, -n’.n
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in UNnX. Here {, | ={,, n,_, = {, are the respective local interpolating
Hamiltonians. Denote by x = x(y,n), & = &(y,n) the symplectic change of
variables (y,7) — (x,&) defined in a neighbourhood U, of (0,0). From (3.1)
we have

Ly =¢0 v, —nlm,  i=1,...n-1,
(3.2) X0 =x,0 v, -, =102,
X, o) =& ) =x, 0y, =)
in Uyn{n,_, >0} if U, is small enough.
Now we shall make use of the following lemma.

Lemma 3.2. Let p(z,¢) be a C™ function which satisfies for all { > 0 the
equality
(3.3) p(z =0 =p(z,0) +0(L™),.
Then we have (0p/9z)(z,{) = O({™).
To prove the lemma, it suffices to show that
an+lp
8zaL"

for any nonnegative integer n. This equality is proved by induction using
Taylor’s series of both sides of (3.3) around (z,0).
From the first 2n — 3 equalities of (3.2) we obtain

¢,
ayn—l

a‘xj e ¢) .
WX} = 50—, m=0(,_,), Jj=1,...n=-2,
yn—l

2,0)=0

{n,_,.¢}= y.m=0m2), j=1,...,n-1,

because éj(y,n), j=1,...,n—-1, and xj(y,n), j=1,...,n-2, are
smooth functions of (v, ,,n,_,) depending on the parameters (y',7’) and

we can apply Lemma 3.2. Here { , } stands for Poisson’s bracket in T°R""'
associated with the standard symplectic form.
If we consider, conversely, 1, _, as a function of (x,¢), we find

on,_, 0 .
rb;_jz_{rln—l’éj}zo("n—l)’ ]:1,...,71—1,
on,_, o0 .

62. :{nn_l,xj}=0(nn_1), j=1,...,n=2,

J

hence n,_, =n,_,(&,_))+ O(é:‘il) and 9dn,_,(0)/8¢,_, > 0 since the change
is nonsingular and in UNZ both 7, , and ¢, | are nonnegative. Thus {, | =
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f(n,_)+O0(n7 ) where f isasmooth function such that f(0) =0, f)>0
and f(n,_,) >0 for n,_, > 0. From the last equality of (3.2) we have

1/2 1/2 00
34) X, 0o = ) =X 0y )+ 0 ),
whence we obtain

ox, _ X, _ 172 oo
Gy ) = Gy =l + O ).
n— n—
Now Lemma 3.2 yields
d°x

=Ly, n) =0(n",),

n—1

aZy
hence
X, vsm) =aly' ,my,_, + by, n) +0m2)
where a(y',n) and b(y',n) are C* functions. Then from (3.4) we obtain
a(y',n) = (f(nn_l)/r]"_l)l/2 +0(n,” ) for n,_, > 0. Now, as in [14] we have

L={&,_x,_ Y =0, S, ), )y, + b0 m}y + 0 )

= U, ), )/n,_ )" + 0 form,_, >0,
hence
PP =0+ Cc+om?).
Since f(0)=0,then C=0,ie. & _,=mn,_,+O(n° ) and Proposition 3.1
is proved.

Let {¢ j}jJ.:] be a smooth partition of unity in a neighbourhood U of g
in T°0Q and let { ; be local interpolating Hamiltonians for the billiard ball
map defined respectively in a neighbourhood of supp ¢ ;- Now define { =
Ejj.zl 0 jC Ix From Proposition 3.1 it follows that { — { ; vanishes to infinite
order on 9X. Now we have B(p) = exp(~C1/2XC)(p) + 0(¢*(p)) in a neigh-
bourhood of 7. Moreover, { = 0 defines X in a neighbourhood of 2
and the bicharacteristic lines passing through the points p € 9X coincide with
{exp(tX,)(p):{ =0, teR'}.

The function { is called an approximate interpolating Hamiltonian. In the
case n = 2 its construction is carried out directly in [14] and its uniqueness in
the sense of Proposition 3.1 is proved.

4. CONSTRUCTION OF SUITABLE “ACTION-ANGLE” COORDINATES

4.1. Let S be a transversal to @ in £ and S,={peS;l(p)=h}, Sy=W.
Since 1 is not an eigenvalue of the differential dP of the Poincaré map P
at p €5, N , there exists a smooth family of closed trajectories (;’h of X ¢
contained respectively in the sets {p € £;{(p) = h} for |A| small which form
an orbit cylinder and @N;) =,

We shall use the normal form of Birkhoff for the Poincaré map Pg: S ¢ S ¢
depending smoothly on the parameter (.
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Proposition 4.1. Let the Poincaré map be 2N + 1-elementary, N > 3/2. Then
there exist symplectic coordinates (p,q,(,t) in a neighbourhood of S, i.e. w =
Z;:,z dp; Ndq, +d{ Adt such that S C {t = 0} and if we denote P,(p,q) =
(p*,q"), then
p; =p,cos®,(r',{) —q;sin®(r, )+ f;(p,4,0),
* . / /
(4'1) qj :pj Slnq)j(r ’C) +qjcosq)j(r 7C)+f;l_2+j(p ’Q)C)’
j=1,...,n=2,

where ¥' = (r,...,r,_,), r= (pjz. + qf)/Z and
42)  Ifw.a.0l<Clpl +1a)" ", =1, 24
Moreover,
o 0= 0, J=1...n-2,
J 8rj

where A is a polynomial of r' of degree at most N with C* coefficients and
pg(0,0,h) lie on the cylinder of orbits of X,. We choose A(r',{) so that
A(0,0)=0.

The proof of Proposition 4.1 is analogous to that given in [9, 16], construct-
ing a generating function of the respective canonical transformation depending
smoothly on {. Thus we construct the coordinates p and ¢ in S. Then
we extend p and ¢ to a neighbourhood of S so that X ;= X 4 = 0,

j=1,...,n—2,and supplement p,q,{ to a symplectic basis in a neighbour-
hood of S. It is easily seen that in this basis
(4.3) X, = a/0t.

Let 2nt, be a period of @ . Denote by G: U, — CN?(UO) c R the sym-

plectic map é(p) =(p.q,t/ty,1,{) defined in a neighbourhood U, of S and
set G° = él s -
For 6 small enough we denote

-2 -2
V,={(0,q,9,_,.1,_) eR" xR xT x[t,~3,t,+0];
pi+a <20,j=1,...,n-2)
with a symplectic form @ =dp A dq+dI,_, A dgp,_,. We shall denote by
(0, D) =n(p,q,0, .1, el =T""'x(0,8" > x[t, - 8,1, + 9]
the respective polar coordinates in Vj determined by

pj=,/2ljcos¢j, qu,/ZIjsinq)j, j=1,...,n=2.

Note that for @° = Z;:,l dI, A dg; we have '@’ =@ in "',
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4.2. Let /({) be the period of periodic trajectory @2 from the cylinder of

orbits, thus /(0) = 2xt,. Denote by lO(C) and Ao(r',i) Taylor’s expansions
of /({) and A(r,{) with respectto { at { =0 up to degrees M and M + 1
respectively, M sufficiently large. Let {, be the solution of the equation

4
(44) 2, —/0 Phydh— A0 0 =2nl_ . (0.1, =0,
for (r',ty—1I _,) €[-0,6]""". Then we have
0£,(0,1,)

n—1
The following proposition provides “action-angle” coordinates for a com-
pletely integrable Hamiltonian {;, which is close to (.

Proposition 4.2. For § small enough there exists a neighbourhood U; of @ in
T*0Q and an exact symplectic transformation G: Vs — Uy of class C* such
that G*{ = { oG has the form

G'lp.q,0, .I,_)=C0+Ep.q,0, . 1,_)

and
5 2 2
(4.6) E0.a.0, -1, )1 < CUI' 4 1010
where C does not depend on 6, I' = Iy, d,y), I = (pf + qf)/z, j=

l,...,n=2,I=(I",I_)).
Proof. First we shall construct suitable smooth coordinates in a neighbourhood

U of @.
Denote by g’ the Hamilton flow of r._, = t,¢ and for p € Se, p in a

neighbourhood of pg =&n S, denote by 7(p) the smallest positive time such
that gt(p)(p) € SC , T(pg) =2m. Let s(p) be the smallest nonnegative time for

which g—*”)(p) € S for p in a neighbourhood of & . ~
Before constructing a suitable coordinate system near ¢ it is convenient to
represent the map P, in the form P, = P’ + P! (for the sake of brevity we

drop ¢) where P’(p,q) = (5,4),
ﬁj =pjcos<l)j(r',§') "quinq)j(r,a€)9
g, =p;sin®,(r',{) +q,cos®,(r',{),  j=1,...,n-2,

P (p,q)=(f,p,4,0), > fou_a(P 2, 0)).
Obviously, P'(p) = O(F (p)|"™'/?).
Let x€ C®R'), 0<x <1, ¥ (t1)>0 and x(t)=0 in (—o0,&), x(t) =1
in (2m — &,00) for some & > 0 small enough. Denote by P,O: R - R
the map PP(p,q) =(p*,q") where

p; = p;cos(x()®;(r',{)) — g;sin(x (N, (r', 0)),
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a; =p;sin(x()®,(, 0) + g;cos(x()®,(r.0)), j=1,....n-2.
Denote by P the map P'(p) = x(t)P'(p) and set P' = P’ + P!. Now
consider the map
(4.7) F'(p)=(p(p),a(p)) =P 0 G" o g~ (p).

_ It is easy to see that F " is a well-defined C* map in a neighbourhood of
@ since P' =1d for ¢t < ¢ and P'=PC for t >2n —¢.
Next we define the smooth function ¢, _, as follows. Denote T(¢,p)

= t+ 2(t)(2n — 1(p)). We set for p € U a neighbourhood of &, ¢, _,(p) =

T(s(p), & (p)).
It is easy to see that ¢, _,: U — T' is a well-defined C* function. More-
over, the map

Usp—F(p)=(F(p).o, ,(p).r,_,(p))

is a diffeomorphism for U small enough and F|, = 6| U -
Let (9,r)=n(p,q,9,_,,r,_,) be the respective polar coordinates

p;,= /2rjcos(pj, qj=,/2rjsin(pj, j=1,...,n=2

Denote r' = (r,,...,r,_,).
Now in polar coordinates (¢ ,r) we denote by U, the set

U={peU;Crip) < rj(p) <Gr(p),j=2,...,n-2}
where 0 < C <1< C2 are some constants.

Lemma 4.3. In U, we have

Kol crl o™, jiksn-1,

(4.8) {r o) =0, +0(r"), j<n-2,k<n-1,
{ry:0,_13(p) =1+ 0(r).
Proof. From (4.1), (4.2), and (4.7) it is easy to see that

(4.9) g r—rl <™, |1 < an.

Indeed,
(&) F'(p) =P 0G0 (p)= P o P o F'(p)
=P o P o Fl(p) + O M)

and (g')*rn_l =r,_, which imply (4.9). Moreover, from the above equality it
follows that for j, k <n-2

(4.10) (8")°0,(p) = (x(s(p) + 1) = x(s(P))®,(r(p)) + O (p)"

)-
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Therefore,
ro=1{r,. X, _ o +0(r """
= {rj X (s(p»cbk(r)} +0o(r' ")

=@, (1" (s(P)){r; . s(p)} + O(F ™).

rnl

On the other hand,

L {s(p).ry =00 N,

Thus {s(p),r,} = O(r|"*"*

{r 030) = {r,, 038" (o) + O(r ") = 6, + O(r|").

Now we shall prove that

) for j <n-2 and

(4.11) (p) = f(r(p)) + O(r' "2

for some smooth function f such that f(0) =2xn. Let pO esS, p=(0,r(p))
in polar coordinates. Denote by gjl. , t € R' , the Hamiltonian flow of T
j=1,...,n=1.Then p, = g (p°) € S and r(p,) = r(p°) + O(r|"*").

Now taking rj(po) = <Dj(r'(p0),¢'(p0)), j=1,...,n=2, from Proposition
4.1 we have

),  PES,

0 Ty-2(p ) (p N+l/2

(4.12) g o0 g2 g™ (0% = p° 4 O(F|
On the other hand,

/N+l/2
X, . X, 1= X, ., =0(r] )
and as in [2] it is easy to see that
, ) N2y
(4.13) gl ogl(p) =g o8 (p)+0(r (p)"""
Let p € S, r(p) = r(p°). Then g"(” 0 g2 (p%) = p for some
t,(p) €R' and in view of (4.12), (4.13) we obtain
0 0 0
g o ogr o g™ (p) = prO(F T,
thus g™ (p) = p, +0(r'1" ") where

e (O (0
p=85 " o 0gr " p)es

or
dist(g""(p),8) = O(1r|"* %),

Therefore 7(p) = r(po) + O(|r'|N+l/2), pO = (0,r(p)). Obviously r(pO) is a

smooth function of /7, ..., /F,_5. Let f(r) be its Taylor’s series up to order

2N . Then f(r) satisfies (4.11) and f(0) = 2m. On the other hand, consider
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7(p) as a function of p, g and denote by t*(p,q) its Taylor series up to order
2N . Then

“(0,9) =SBy +4))/2, - (D, +d,_,)/2)

which implies that f is a polynomial of r= (pf + qu.)/Z, j=1,...,n-2.

The second estimate of (4.8) for k = n—1 follows from (4.11) which yields

0, 1(p) = T(s(p),r(p)) + O(r|" 1%,
Here
T(t,r)=t+ x()2m - f(r)).

Thus X, ¢, , = O(r'|"), j<n-2.

Finally, we have X, ¢, _, = 1+0(r|) since f(0)=

It is easy to see that in polar coordinates (¢,I) we have

n.FX, (p) = _+k21(’k ,k<p>az ). isn-
where
el <™, Jd <l j<n-2,k<n-1,
(4.14) le,_, (I Cll™, k<n-1,
d,_, ((PISC, k<n=2, |d,_, ,_(pI<CIF,

uniformly in U, . Indeed, we have

- a 0
n EX,(0) = 3 (05005 + 0,000 7
k=1
and by Lemma 4.3 we prove (4.14).

Let ¢ € (0,6)”'2 X (=6,0) and M, = {r = ¢}. Then M, is a compact
connected (n—2)-dimensional submanifold of V. Denote by i, the embedding
M, — V; and by o the canonic symplectic l-form ¢ = {dx in T°0Q,
w=-do.

Lemma 4.4. There exists B € /\l(U ) such that B = 0 in a neighbourhood of
S »

(4.15) 181, < CIr' (o)™

where || -||, is the norm in T;(T'BQ) and for o, = g + B we have
(4.16) d@(F*) 'a,)=0 foranyce(0,6)" " x (=4,0).
Moreover,

(4.17) {rj,rk},=0 inU

where { , }, is Poisson’s bracket induced by w, = —da, .
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Proof. We denote

k=
L ;= n— L< Then the vectors Z , are tangential to M,
and |L, l < C|c| N*12 for any p € M_. Here |- | is the norm in Tp(T*BQ).
Thus we have
(4.18) —d(@(F) '0)(2,,2,) =1, (F") '»(Z,,Z,)
1\ N+1 N+1
= o(X, . X )l + 0 = o( ™).

We write (F*)"'o = pdq + td{ + dQ + B where B is a 1-form with C™

coefficients. Moreover, from (4.18) we have

(4.19)  d@B)Z,.Z,) =d((F")  0)(Z;,2,) +0(c ") = 0(lc'|"™).
On the other hand,
(F) (o) = 1] (pdg +dQ + )

where ,
ne
ﬂ=Z(ajdpj+bjdqj)+a0dC+bodt
j=1
and a, bj are C* functions. We expand a;, bj, j=1,...,n—=2,1n

Taylor’s series up to degree 2N with respect to p and ¢ around the point
p =g =0 and b, up to degree 2N + 1. We obtain g = B, + B, where
B, = O(Ir']NH) is the remainder in Taylor’s formula. Then from (4.19) we
have

1 N+1

(4.20) d;B)(Z;,2,) = O(c "),
n—1n—1
D Py (¢’ oASCL s o\ fCr22C_) 0, A o,
Jj=1 k=1

where ij are polynomials of ,/c7, ..., /c,_, of degree at most 2N + 1. In
view of (4.20), the definition of Zj(.) and (4.14) we obtain successively that all

coefficients of the polynomials ij are equal to zero. Hence
d@i’B,) =0, c€(0,6)" % x(~38,6).

We denote 8 = —F"B,. Then w, = —do,, 0, =0d + , is closed on M_ for
any c. .
Denote by X f' the Hamilton vector field of the function f with respect to

the symplectic form w, . Let us fix c € (0,5)”—2 x (~6,0), pe M,. Then
w,(X,‘j ,L)={(dr;,L})=0, VLeT,M.
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Since T, M, is Lagrangian with respect to @, , we obtain X,j(p) eT,M,.
Hence
{r;snch(p) = 0,(X, , X, ) =0
which proves the lemma.
Let pe U. As in [2], consider the map

R 'st=(t,,....1,_) =T (p)=Fo---0F"l(p)eU

where Fj” is the flow of the Hamilton vector field X ,'j . Let us note that F j'f
commute with one another in view of (4.17). Since M, is compact, the sta-
tionary group of t — F'(p) has n — 1 generators e ,...,e,_, which can be
found explicitly in our case. In a neighbourhood U, of § we have w, = w,
hence X —6/6(/) where (¢,r)=n(p,q,9,_,,r,_,) are the respective polar

coordmates Then in U, we have for j <n -2
7
Fj(¢,I‘)=(¢l,...,¢j_l,¢j+[j,(0j+l,...,(ﬂn_l,r).

In particular, F{’: S — S for j <n-2 and

e =(0,...,0,2n, 0,...,0), j<n-2,
J P N e’
j—1 times n—j—1 times

is a stationary point for F'(p). Let t,_,(r) be the smallest positive time such
(r)
that F,"/(p°) € S for p°=(0,r)€S, r=(r,,...r,_,). Then

F 0% = (R,(r), ..., R, _,(r),0,7)

Ry(r) Ry—a(r), 0O
=F "o o E" " (p").

Therefore e, ,(r) = R(r) = (R, (r),...,R,_,(r), R,_(r) =1t,_,(r), is a
stationary point of F',ie. F" ' (p)=p forany pe M,.

Moreover, R, (r) are smooth functions of (p,q,¢,_,,r,_,) and since they
do not depend on ¢, we obtain that R are smooth functions of r in

[0,01"% x [-9,4].
Now, for (1,r) € T""' x [0,6]" "% x [-J, 5] we set

G,(t,r) = Er O vt R(r), oo st _,+1,_\R,_,(r),0,r).

n—1

Thus we obtain a smooth map 7~ : G,r in the coordinates (p,q,t, ,,r,_,):

—1 n—1Ry—
1 Girp.g.t,_ ) =F 0w )0, )

where 7 is the respective polar change of the coordinates, M is the block-
diagonal matrix M = diag(M,, ..., M, _,),

cos(t, |R;) —sin(f, | R ) . B
M; = (sm(t”l R;) cos(t, R ) ’ J=1,..,n-2.



INVARIANT TORI 61

Since the vectors e € R, j=1,...,n—1,are generators of the stationary

groupof R"'5¢— F ‘(p), p € S, we obtain that G, is a diffeomorphism
of V5 onto a neighbourhood U; of # in T°9Q for § small enough. As
in [3], we can construct some polar symplectic coordinates (¢ ,I) with respect
to w, in a neighbourhood of {r = 0} starting from (z,r) which will give us
the smooth exact symplectic transformation G: V; — U in Proposition 4.2.
Unlike [3], we work in a neighbourhood of {r =0} and not near a fixed torus
and are interested in the smoothness of the respective maps near {r = 0}.
First we shall show that besides the equalities {r;,r,}, =0, j, k <n-1,
we have
{rj,lk}l=5jk, j<n-2,k<n-1,
(421) {r i th = =R(N/R,_\ (1, j<n-2,
{ry_ st =1/R,_(r)
and
(4.22) {zj,zk},=o for j,k<n-—1.
Equalities (4.21) follow from
FG/(t,r) =G (t+se;,r), j<n-2,
F, G (t,r)=G(t,—=sR/R,_,,....t,_,—SR,_,/R, . ,t._ +s/R,_ ,r).
We shall prove equalities (4.22). From Jacobi’s identity we have

X, {6}, =0, Jjk<n-1,i<n-2,

1
X, At} =cy(r)

where ¢, are smooth functions of r € [0,6)"_2 x (—0,d). Hence

{6 EST () = R, (e () +{t. 4.1 (p),  pES.

On the other hand,
n—1 Rn—l r
{4, 03,(0) = {1, (F (p) = {t,, 1.}, (F, 27" (p))
=Rn_l(r)cjk(r)+{tj’lk}l(p)’ pES.
Thus cjk(r) =0, j,k <n-—1. Moreover, in U,

R ¢ _
{t;.1,,}(p) = {¢,—¢n_1§J—,R”—‘}

n—1 n—1

OR; OR,_, 1
= ¢ —_
=\ ar,_, or, | R?

n—1

and since Xrl,,_| =0/9¢,_, in U,, we have {tj,tn_l}(p) =0 for pe€ U, and
therefore for any p € U. Analogously we obtain {t,,;,}(p) =0, pe U, J,
k < n -2, which proves (4.22).
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We put G,(t,r) = (¢,1) where ¢, =t;,j<n-1, I, = ris J < n—2,
foy =1,_,+0I), Q0,t,) = —t,. For the function Q(I) we obtain the
equations

R, (1)
{In_1,¢j}1 = - R —I(r) _{Q(I),tj}l

R(r) 'X2sQ
J — =
R, 2= 3, USSR

R(r) 80 9Q

= =X _ ¥ q . i <n-—
R0 ol oI, l-fh JSn2
1 o0
) = - I o }.
{n—l wn—l}l Rn—l(r) 81,.—1{ n—1 (Pn l}l
That is why we put 6Q(1)/61j = Pj(I), Jj=1,...,n—1, where Pj(I) =

-R,(r)/R,_\(r) for j<n—-2and P,_,(I)=1/R,_(r)-1, r= (I',In_l +
o).

These equations are solvable in a neighbourhood of {r = 0} since P, are
smooth functions and BPj/Blk =0P /oI, j, k=1,....,n—1 (cf. [3]).
Indeed, we have

; oP,
3—1: = —{tk,{l‘n_l ’tj}l}l = _{tj>{rn_1 ’tk}l}l = mj&

Then the map n_'GzGln is a diffeomorphism in V.

Lemma 4.5. There exists a diffeomorphism G,: U; — U such that G;w, =w
and G, =1d+G, where |G,(p)| < C|r'(p)|"*"/2.

Proof. Following Moser [16], consider g, = o +tf, t € [0,1] and w, =
w —tdB . From (4.15) it follows that w, is a nondegenerate 2-form in U if
U is small enough. Let Y, be a vector field determined by w, 1Y, = f and
®,(p) = exp(tY,)(p) . Here _I denotes the inner product. Then from (4.15) we
obtain

'N+l/2

[@,(p) - pl<CIF ()", 0<i<l

Moreover, we have
d * *
E(CD,) w,=(®) (-df+d(w, 1Y) =0,

hence G, = @, is the diffeomorphism we seek.
Denote G = G3n—‘GzG|7z. Then G(V) = U is a neighbourhood of # in
T°0Q and

n—2
Gw= Z dp,Andq;+dl,_ Ady, .
j=1
It remains to prove (4.6). Denote p, = FIR’(pj_,), 1<j<n,where p,eS
has polar coordinates (0,r(I)), r(I) = (r',t,{) = (I' ,1,¢(I)). Then p, = p,
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and y = U;’“ll 7, where y, = {F' ), 0<t<R,_(r)},isacycleon M,.
Since the form ¢ — idg is closed 1n U we have

(4.23) / /Id(p /a—27t1 _, = ¢ =const.

Therefore, for (¢,1)eIT"™"
(4.24)  2al,_ =/a-c=/a, +//3—C=/a1 +o(I')""'" — c.
7 7 7 7
On the other hand, pj=(Rl(r), ,Rj(r), 0,...,0, r) and
yj={(R,(r),...,Rj_l(r),tRj(r),O,...,O,r);OStS 1}
for j=1,...,n—1. Denote
Lj={(R|(Sll5t0’C),"~>Rj_|(SI/at0C)a
(R(SI'1,0),0,...,0,sI',1,0);0<s<1,0< <1}, j<n-2,

L,_ = {Fy:—l(Rl(SI/’tOC)’ ’Rn-l(SI”tOC)’SI,’tOC);
0<s<1,0<t<R,_(r)}

and
v ={F,_,(0,...,0,1,0);t€R'},
\__\,__.4
2n—73 times

Note that e belongs to the cylinder of orbits of X ol - Now we have

n—1
[o=[a-X [ o
7 s j=17L;

Moreover, L, | is isotropic so that [, L, @ =0 while

n—2n-2

w dl, Ndy IR, (sI' 1,8)ds
Z/ -rx) = z/

_Z/ s A st oyds +or) ')

-A( +0(II|N+I/2

since A(0,¢) = 0. Finally, on the cylinder of orbits L = {F,f_l(O, ...,0,h);
0<h <{} we have

/a,: / al+/wl=2nt0+/ dh A dt
s 70 L L
C Rn—l(o-c) ¢
= 2m1, -/ / di A dh = 2m0-/ I(h) dh.
0 JO 0
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Note that for I' =0, I _, =1, (424) yields C =0 in (4.23), thus G is
exact symplectic and

¢
2nl,_, =21, —/0 Ihydh — A, 0) + o'V 72,

Now if {,(I) is a solution of (4.4)
fo 0,/
ol | =2u, —/ P(hydh — A°0I',0),{(0,1,) = 0
0

where 10(5) and AO(I',C) are Taylor’s expansions of /({) and A(I',{) with
respect to { up to degrees M and M + 1 respectively, M large enough, we
obtain

C(, 1) = (D] < ()2 415,

which proves (4.6).

From the representation of the billiard ball map by means of the interpolating
Hamiltonian { and from (4.6) we obtain

B(p, 1) = exp(—VIX, )(¢, 1)+ R(p, 1)) inV;n{{>0}

where

N+1/2 M+2

)+ 0 )

and R(p,I)=R(9p, VT, V/{) where R, is a smooth function of its arguments
for (p,1) e T""' xD"~'. Here we have denoted

Rip, 1) = ©0(I'" ") + o)™, 00|

T ={IeRT0<T <8, j=1,...,n=2,|,_ —1]| <3,
L) > 0,|I'| < CLy(D)},

where C > 1 is such that (¢, 1) — {y(I)] < 1(¢,(I)M** for I € D" and
9 € T""! (here we have used (4.5)).
Then we have

(4.25) B(p,I) = exp(—/{o X, )((9,1) + g(0, 1))
for (p,1)e T ' xD""" where

glo. 1) = (001", 001" + 0(5"™)
and g is symplecticin T" ' xD""".

4.3. Denote
(426) D) '={IeR"',Ca<I,<Cua,j=1,...,n-2,
b
C,a” <) < Ca™’y

where 0 < C, <1 <C(C,, 0<C;<1<C,, 0<b < 1/2 small enough.
Henceforth C ; will be constants which do not depend on a but they will
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depend on the concrete circumstances. Note that for a < g, a, small enough,
we have DZ”' c D""'. We shall denote F\Z" =T ' x DZ“I
Denote for QcR”, p >0,

(4.27) Q+p={zeC";dist(z,Q) < p}
and set H'(I) = —2(¢,(1)*%, H(p, 1) = -2, 1),

Proposition 4.6. For a, small enough we have

(4.28) IH (DL IH )< Ca™, TeD, ™ +p,
(4.29) |det H (I)| > Cya” "™
Jor each a € (0,ay), 0 < p < a/2, where | -|| is the norm of the respective

(n—1) x (n - 1)-matrix. Moreover, the map

D' +p31—H)I)

a
is a diffeomorphism.
Proof. We have H)(I) = —(}/* gradCO(l) But

grad {y(1) = ~(I°(Ly) + 4 ( L) T AL L) - 1),
thus
= {21y + AL ) T (AT L), — .
Set K = CO(ZO({O) + AC(I' , CO))_Z. We have 6K (0)/9{, # 0 and this allows
us to regard the map I — H,o(l ) as a composition of the following three maps:

') — (', ¢) — (', K) — H)(I).
This gives us the representation
oH, 8(1 K) o', ¢y)
o', K)o(I' L)oo, 1, )

The first two maps are diffeomorphisms in a sufficiently small neighbourhood
of @ and for the respective functional matrices we have

M_<En_z 0,5 )
ar,t,)  \ K, 9K/,

M_( E, _, 0,_; )
o', 1,_)) grad;, ¢, 850/3 _1

where E, _, is the unit (n—2)-matrix and O, _, is the zero (n—2)-dimensional

Hyy(I) =

column matrix. Thus it remains to consider the matrix aH,O /o(I' ,K) for I €

IDZ_] + p, i.e. when the variables (I’ ,K) run over a set of the form

[C,a, Qa]”_2 X [C~'3a2b , C~'4a2b] + Cyp.
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We have H;) = Kl/z(A?,(I',CO), — 1) where {; = KAI(I',K) and the func-
tion Al(I',K ) satisfies Al(0,0) # 0. Then for the entries of the matrix
BHIO/(?(I',K) we have

4 =K' (BZAO(I',Q)) +KaA°(1’,co) _aA‘(I',K))
J

a1l al, al,

for 1<j, k<n-2,

1 1p0A° ) 0P A L) (s 84 (I, K)
Aj.n—l—jK 8—Ij+K ——alj—ac—* A(I,K)+K——57<-——
forj=1,...,n-2,
An—l,k=0fork=17""n_2’An—l,n—-lz_%K_l/z'

Now it is easy to see that the validity of Proposition 4.6 follows from the
invertibility of the matrix A‘,), ,,(I' ,¢) for I', ¢ small enough which is a con-
sequence of the nondegeneracy assumption (2.3). This completes the proof of
Proposition 4.6.

5. MAIN THEOREM

Denote Q = {w = H,O(I); I e DZ"} and let the numbers o and y be
suchthat 6 >n—1 and y > 0.

Then denote
7 . ! -0 ! n
(5.1) Q ={weQ ;|{w,k)-k,/|>ylk| " forany k = (k" ,k,) €2 \{0}}.
The next lemma shows that the family of invariant tori we are going to obtain

has a positive Lebesgue measure.

1+/b

Lemma 5.1. Let y < Qa , C~‘6 >0, [ > 0. Then for a small enough we have

7 L by s n—2+b
mes ) > (1 —¢,a )é,a .

Proof. By analytic-geometrical arguments we obtain mes €, > 6’7a"'2+b . Then

n—3+b

by arguments close to those in [1] we find mes(€2, \ QZ) < C~‘8ya where

68 depends only on n and o . This yields the desired inequality.
Denote by o,(¢,1) the map (¢,I) — (¢,71) and by |- [|; y.i-1vq> 5 >0,

the respective Holder norms of the functions in T ' x Q as well as

“f”-V»T"‘]XQ;‘/ = ”fo a?“s ,a;._](T"—le)

(see [19]).
Let CSaHH’ <y <Cqa™, 1<Cy<Cq, >0, and denote y = yoa3b.
Theorem 1 follows from the following theorem.

1+/b

Theorem 5.2. Let N > 2, 0 < a < a, where a, is small enough. Then there
exists an exact symplectic diffeomorphism U : A:"‘ — /-\Z_' and a function K ,
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K(I)>0 in IDZ_', of class C*™° such that
(5.2) UT'BU(p, D) =(p+7,D.1),  t)=-3K(I)",
forany g e T ', IeD" ' ={l € D)~ Yt e Q°}. Moreover,

a,n
(53) “K - C()”p,DZ_] Y S Cpa
and the generating function S(6,1) of U satisfies
(5.4) IS| <Ca N—1/2=(I+1)b

In order to prove Theorem 5.2 we reduce the problem to finding invariant tori
for the flow of a suitable Hamiltonian. For this purpose we use some arguments
from [4, 5].

Now we shall use the fact that the map Id +g from (4.25) is exact symplectic.
This is a consequence of (4.25) and the following assertion proved in [6]:

N—1/2—(1+2)b

p AT forany p > 0.

Proposition 5.3. The billiard ball map B is exact symplectic in V.

Let neC °°(R') , 1 =0 in a neighbourhood of 0, # = 1 in a neighbourhood
of 27 and let ¢, be exact symplectic with a generating function 7(¢)S where
S generates ¢, = Id+g. Denote by B, the exact symplectic map B, =

exp(tXy o) o9, tE R'. Let §, =dB,/dto (B,)_l be the respective vector field

which is well defined for ¢ € T' since {, = X, in some neighbourhoods of
t =0 and ¢ = 2n. Following Douady [4], we obtain w, , 1& = dh, for a

suitable C*™ function h,,te T'. Moreover, using (4.25) we have

(5.5) h(9 . 1) = H(I) +\/Z0 S e, (eI L 5)

o] =2N+1

0 (gl )

for (¢,1) € A" ' where Q.. Q' are smooth functions of (¢,¢, VI

\/T}\/Q

Denote y' =9, y=(',y,), n =1, n=(n',n,) where the variable 7,
runs over a neighbourhood of 0 in R' and y, € T'. Set

(5.6) Hm=H()+n,,  Hy.n=h 0" 1) +n,

Denote by (F' )ier the flow of X+ and let A ={,n) EAZ; ﬁ(y,n) =0,
y, =0} where A" = T" x D,

DZ={'7€'R”§C7‘15'7,'5C8“’ j=1,...,n-2,
2b 2b
Cga < Co(nl) < Cloa ,|77,1| < C“}

and C | are some positive constants such that C, <1< (g, Gy <1< ()
is easy to see that A’ has the form

A = {00, —H ()0 ) enl .



68 VALERY KOVACHEV AND GEORGI POPOV

Denote by i: AZ" — A the map
0
1) =000, =k 0 = (0,0 - H (n')).
It is easy to see that F>": A’ — A’ satisfies
(5.7) 1"'oF”o1=B.

Denote H, = H’ + (H’)’, H =H+ H".
Now, from Proposition 4.6 we obtain

2 00\ !
8°H,
3112

where 0 < a <a,, b >0 small enough are fixed and p < a/2. Moreover, in
A we have

(5.9) H'(y.n) - Hy(n) = (h, ' .n') = H (/)0 + H(y,n) + H'(n))
_ abO(lr]"|N+l/2)
where 1" = (n,.-..,1n,_,) which follows from (5.5) for M large enough.
Introduce the sets Q' = {w = gradHé(n);n € DZ} and Q;l ={weQ;
w,k)| > p,|k|”" for any k € Z"\ {0}} where o is as above and y, =

Cya'3b=Cyo, 0<C«<1l.
We reduce the proof of Theorem 5.2 to

254
8°Hy

-b . n
o’ <Ca inD, +p

(5.8)

b

Theorem 5.4. Let H(;(n) be an analytic function in D), + p such that

-1
o°H,
8112
and let 9H,/9n: D" + p — C" be invertible on D), + p.

Then for any fixed A >0+ 1>n, a>1, a ¢ A={i/A+j;i,j>0
integer} there exists 8 < C,R™> such that if H' € C*(A]) and

a

24!
o°H,

5.10
(5.10) o’

<R, R21,

D;+p

D;+p

(5.11)  RIH = Hyll, py, <710, s=ok+i+0,0<y <p/R,

then
(i) there exists a C* function §(Y,n) and a nondegenerate Hamiltonian
K'(n) such that

H'(Y 0 =S8y (Y.m)lay, =K'(n)
n n n n n., gt Iy
where Agm =T xD, and D,, = {neR ’Kn(”) € le}, .
(i6) 1S1g ay,,, < Coi RIVIH = Hyll, oy, where p = a+2+o, f=
B-(G-0)/A¢ A, f2a;

(ii1) S generates a canonic map T on AZ for |§y"| small enough.

7
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In fact, Theorem 5.4 is proved in [19, Theorem A]. We just follow the de-
pendence of the various constants in [19] on R and p as well as the exponent
of y, in (ii) (for more details see the Appendix).

Proof of Theorem 5.2. First we estimate H' — H(; . Using (5.9) and the fact
that H' — Hé is a smooth function of (v, /7, ... ,\/m,\/g,nn) in A],
we obtain

, ’ N+1/2
(5.12) RIH — Hyll, ay ., < Ca

< ylzé forany p >0

where  =a*, R=Ca™”, N>2 and 0<b < 1/(4/ + 8). Thus Theorem
5.4 holds for H' and H, and from (ii) we obtain

(5.13) ||S|| <C aN—l/Z—(p+l+l)b

pAr <6 for any p > 0.
Note that SY" is small enough if g, is small enough and N > 2 since in
view of (5.13) we have |, | < Ca"~¥/2 220

canonic map T, i.e.
graph T = {(Y = 5,(Y,n),n; Y ,n = 5,(Y ,n)}.

Now we shall concentrate our efforts on the construction of the function
K and the symplectlc map U of Theorem 5.2 starting from the nongenerate
Hamiltonian K’ and the symplectic transformation T.

First we shall need some prghrlnnarles.

Let us denote K,(y,n) = H(T(y,n)). Then K, -l-Kl2 =K' and K, does
not depend on y for any n €D . Set K,(n) = K (0,7).

The manifold £, = {(y,n) € A ; H(y,n) = 0} is contained in {(y,7n) €A} ;
H'(y,n) = 0}. Moreover, if A,7 NZX, # @ for some invariant torus A” =

T(T" x {n}), then A, CZ, and
F'|,, =exp(tX,)l, ~ where F'(p) = exp(tX;)(p) = (v'(p) 1 (p))-
Denote~i = T_'(ZO) ={(y,n) €A’;K,(y,n) =0}.
Since T is a canonic map, we have
(5.14) F'(T(y,m)=T(y +tgradK,(n),n)
for (y,n) € AZ.;w NZ,ie. when yeT", ne DZ,;'. and K,(n) =0. We write

down T(y,n) = (p(y,n), 4(v,n)). From (5.6) we have p, = dH/on, =1,
thus y' = y” +¢ and we have

in A”. Then S generates a

(5.15) p,(v.,n)+1t=p,(v+tgradK,(n),n) foranyteR'

As in [4] we conclude that grad,, p,(y,n) does not depend on y € T if
ne ID;";,l and K,(n) = 0. Therefore, p, (v,n) =y, + f(n) for some function
f on D:.;'. . On the other hand,

T(-5,00,7).n) =(0,n-S8,(0,m), (0, €A, NZ,

sil



70 VALERY KOVACHEV AND GEORGI POPOV

thus N N
and f(n) (0 77) From (5.15) we obtain
0K
v, +f(m+t=y, anz(n)+f(n),
thus
oK, n
(5.16) o (n)=1, neb,

Denote g(n) = S,(0,7), n € D}; then the map T,(y,n) = (v — &(n),n)
is symplectic with a generating function S(0,#). Moreover, the map T o

T, is generated by the function §(Y,r1) - S‘(O,n) which satisfies (ii) and

H(T(T,(y,n)) = Ky(n) for neD) .
Thus we can suppose that

(5.17) p,(y,n) =

for (y,m) €A, N X and y, small enough.
Then Theorem 5.4(i) (5.14) and (5.17) yield p, (',0,7) =0 and

(5.18) T,0,m) =T( +grad,, K,(n),2m,n)

for (/,0,n) € }‘NZOAZJl
We turn now to the construction of the function K (/) in Theorem 5.2. First
we prove that

(5.19) K, - _g° I < C gV VAune

b
porn <G, foranyp >0, y,=7a

Indeed, we have

K,(n)— H'(n) = (HO,n-S8,(0,n)) - (n S,(0,7)))
+ (H° (n—Sy(O,n))— *n)).

We evaluate the first addend by (5.12) and (5.13) using the following estimate
for the norm of a composite function Fo G:

p—1

(5.20) IFoGl,, <IFll,, > ¢ PG, b1,
a=0
where DG is the matrix of the first derivatives of G and C . For the

sake of simplicity we have dropped out the dependence of the above norms on
the domain IDa.
For the second term we have

770 3 £0, o 3 : 770 s
H(n-S,0,n)-H (n)=- SY(O,U),/O (grad H')(n — tS,(0,n)) dt
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whose (p,7,)-norm can be estimated by Cpaﬂ , B=N-12—-(p+I1+1)b,
using again (5.13) and (5.20). This proves (5.19).

Now, for N > 2, we can use the implicit function theorem to solve the
equation K,(n) = 0 with respect to 7, . We find a smooth function (1)
choosing the constants C, in the definition of DZ"' and D/, appropriately so
that the set £, = {;K,(n) = 0} can be represented as X, = {(n', -t(1));
n' e DZ"} . Moreover, making use of (5.19) and (5.20), we find
(5.21) e+ 2637, pp-1, < Ca™ T p> 0,

Thus 7 < 0 in B"”' and the function K(1') = (=27(n'))*” is smooth and

positive in DZ'I . We shall prove that K satisfies the requirements of Theorem
5.2. First, in view of (5.21) and the equality

-3/2 5\2/3
K-8=4(1 -3 R -1, R=t+34",

we obtain
N—1/2—(I+2+2p)b
(5.22) ”K - CO”p,DZ'I 2 < Cl’a

which yields (5.3) for y = yzazb = yla3b.

It remains to construct the symplectic diffeomorphism U of Theorem 5;2.
We shall write down explicitly the generating function of U starting from S.
Lemma 5.5. Suppose that 1’ € Z_/; ={n €D gradt(n) € Q, }. Then
(', —t(n)) e DZ’VI and gradKz(n', —1(n")) = (gradt(n'), 1) for a, small
enough.

Proof. We have

(grad K,)(n', — ©(n)) = (grad t(n') , 1)(9K,/dn,)(n', — (1))
which yields (grad K,)(n', — 7(1')) € @ since y, <y, and

0K, /o, — 1] < CaV 323

Therefore
(grad K')(n', = 7(n') = (grad K,) (', — () € @,
and (6K2/6r]n)(r]', —1(n")) =1 in view of (5.16) which proves the claim.
Now using (5.17), we obtain 7(',0,%", — 7(n')) € A" for any 5’ € DZ—/S ,
y' e T" ! where A' = Z,N{y, =0} has the form

A ={0 0.7, —H();0 ) e AT
Moreover, F™ = Bi"': A" - A’ and from (5.18) and Lemma 5.5 we have

(5.23) BT N(T( 0,1, —1(n) =T/ +gradt(n),2n 1", — (1))

n—1
a,jo

forany n' D" and yeT"'.
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Denote by i, the immersion
L) =000 ) eT xE, ) eA
andset S(Y',7') = (Y 0,7',—17(1")) . This function satisfies (5.4) in view of
(5.13) and (5.21). Denote by U the symplectic map generated by S. Then U
maps A"~ into a set of the same type Moreover, U(y', ;1') = oTozl o)

for n' € ID" 01 since (BS/Bnn)(Y n,—1n))=0 for ' D » in view of
(5.17) and Lemma 5.5. Now (5.2) follows directly from (5.23). Th1s completes
the proof of Theorem 5.2.

Remark 5.1. Instead of K,(n) we can use any function 122(71) = K,(n) + g(n)
such that g() =0 on D) , and

5.24 <C,a" —l2=he g p,
( g

P,y — a
Then the corresponding solution #(7’) of the equation K (n n,) =0 with

respect to 1, equals (') for any 7' € ID" ' and the sets D ; and ID" :
defined by 7 and % coincide.

Indeed, writing down #(n') = t(#') + ('), K,(n) = (n, + 7(7'))h(n) with
some function A(n) # 0 in a neighbourhood of DZ and

Ky(n)=(n, +t(n)+ g (n)h(n), &) =gn)/h(n),
we have
r(n)y =g r(n)), &) =g, —n)—n,).
The function g, satisfies the estimate

(5.25) Il <C, g1/ b

in view of (5.21) and (5.24). Then (1',r(n)) € ID for ' € D" " and by
Lemma 5.5 we obtain the equality

(5.26) r(n') =g,(n',r(n) — &', 0) = r(n)v(n)
forany 5’ € D . Here

N=3/2—(21+3)b
( )

' lagz ' '
v = , St ds = O(a
(n) /O 3”"('1 (n))

b

thus |u(n')] <1 for 0 < a < a, and q, small enough. Now (5.26) implies
r(n') =0 on IDZ_/; . Since DZ—/; has no isolated points, we have grad #(y') =
grad7(y') for n' € IDZ—/: . On the other hand, the map D"~ 5’ — grad #(y')
is injective in view of Proposition 4.6 and (5.21) which proves the relation

n—1 ~n—1
Da o Da,;'o :

Proof of Theorem 1. Set a, =q/,0<gq <ay, D, :IDZ/—', A =71"" xD,,

D;,, =D, 7)) =75(a,) = Csa.*'" and let S,(6,1) be the function S(6,1)



INVARIANT TORI 73

defined by Theorem 5.2 for a = a Iz Choose I" of the same type as I', T' C
I c U;’Zl Dj, I' being defined by (2.4) with some constants C,? L k=1,...,4,

while D, are defined by (4.26) with some constants C, , k =1, ...,4. Denote
by ID;. the set (4.26) with constants C,? and a = a ;- We can suppose that
DjﬂDjw = for any j and v > 2 and that D}OD;H has a nonempty
interior.

Proposition 5.6. There exist functions K S defined by Theorem 5.2 in A j
1+1b

with y =C; a, and such that
(5.27) K=K, I) inD,ND,,,
(5.28) (0 I = j+l(0,1)

for any IeIDj,yﬂDjH and yzyj.

Proof. Denote by 7~' the corresponding canonical transformation defined by
Theorem 5.4. From Remark 1 after Poschel’s Theorem A [19] it follows that
T" H(y n = w+gn, n) for n € IDa 7! N IDa .1 - Suppose that the

exact symplectic map 7 = T Tj 41 is defined by the generating function

R(Y, r;) Then grad, R(Y,n) does not dependon Y € T" for 5 € ID r)IDjJrl ,
v > y and smce R(Y ,n) is small enough, we obtain R(Y ,n) = R( ). Thus
T,,,v.n) =T,y +gradR(n),n), €D}, ND]

J+1 J+1°
Moreover, the function S (Y, n) +R(77) generates the map 7, o(Id +grad R,
Id).
Let ¢, =¢,(y,n) solve the equation

OR

g —
a“wm ¢m—

and let ¢
Then

i1 =9, (v,m) solve ¢—8§j+l((o,ﬂ)/3ﬂ=J’~

(0,111 = (05,13 )(9;,,(v,n), )
=T,,,v,n) =(9,(y,m),n—(0S,/0Y)(p,(y,n), 1)
and we have
(5.29) 9 =0, erad (S, (Y,n)-S(Y,n)=0
for ne D N IDJ+l As in the proof of Theorem 5.2 we have
K, ,(Y,n)=H(Y,n=(3S,/0Y)(Y,n)

and R R
K, (n)=H(0,n—(95,/0Y)(0,n)).
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In view of (5.29) we have K, (n) = Kz,j+1('7)’ n e D ODJH Now
instead of K, ., (n) we consider z,+1(’7) K, ]+l(n)+g( ) where g(n) =
K, ;(m) K, ;,,(n) in D7ND}, , g(n)=0 on B} U(D], nD],) and

j+l
N=1/2=(I+1)b
”g”p Djiy — Cpa1+l
According to Remark 5.1 we can replace K, i by K, 1T Thus we can
suppose that K, .., =K, . on D" nDj-f—l Then 7,,,(I) = 7,(I) in D, ,ND,,,
and soin D a ID. . Therefore,
SJH(H,I) S

Jj+1

(6,0,1,—1,,,(I)=5,(0,0,1, —1,(I))=5,(0,1)

for I € D ,N D.
Proposmon 5.6.

10 72 y} and any 6 € T"!. This completes the proof of

Remark 5.2. Making use of the representation (5.5) and approximating the
smooth functions Q , Q' with real-analytic ones, we can choose the sequence
of analytic functions approximating the smooth Hamiltonian in the proof of
Poschel’s Theorem B [19] independent of the domain. Thus equalities (5.27)
and (5.28) may be assumed fulfilled by construction for any I € D ;ND,,, and
GeT" .

Now we shall prove Theorem 1. We can find smooth functions ¢ IS C5’° D))
such that 3-°° ¢ (I)=1 for /€T’ and ¢, =1 on D',

(5.30) D9, < Cpa; P,

Denote S(6,1) = Z;’i, ¢j(=I)Sj(0,I) and by K(I) the smooth function K
such that K(I) = K,(I) in D;, t(I) = —3(K(I))’”*. Then S(6.1) =S,(6.1)
in D, 0. For u>0 and o >n-1 denote by Fﬂ the set

T, ={IeT;|(gradt(I), k) — k,| > )
for any k = (k' ,k,) € 2"\ {0}},

E = 1_“ =T,U{(0,,)}. We choose C; in the definition of y, so that I', N

D, C ID for any y < y . This is satisfied if ,u(Claj)”lb > Csaj'”lb ,

C5 < ,u(Clq)H/b. Then we have (5.30) and choosing b < 1/(4/ + 8) in an
appropriate way, we can prove the desired smoothness of K, g and U.
Now suppose that N > 3. From estimate (5.3) we obtain

N=5/2—(31+7)b

ie.

”Kj - Co”z,nj < Cza

and the right-hand side can be estimated by Czab if b < 1/(6]+ 16).
particular,

b
(5.31) le=H'll,p < Cya
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Let 7 € T\T,. Then / € D, for some j and 7,(I) € Qaj\Qg where
v = ,u(Czaj)H/b . Then by Lemma 5.1 we obtain

n—3+b 1 n=2+(+1)b

mes(Q2, \Qy’)<Cya <Ca

Then
mes(D; \ D) = / ldett; ' ()|do

dj "j

Vj . -1 —2+(I+4—n)b
Smes(Qaj\QZ})(nll)znldettl(I)l) < Cql 7Y

in view of (4.29) and (5.31). Here and below we denote by C, C’ various
constants. Thus we obtain

o0 oo
: 24 (44—
mes(C\T,) < ) mes(D,\DV) < C) 4] o
Jj=1 Jj=1
o= jn—2+(I+4—n)b 24(I+4—n)b
(qj)ﬂ— +(/+4—n) < C/qn— +(/+4—n) )

j=
On the other hand,

mesT > Czan —2+2b > an—2+2b ,
Jj=1
hence mes(l"\l"ﬂ)/ mesI < C’q(”z“")b < C'qb provided that /+2—n > 1, i.e.
[ > n— 1. This estimate immediately implies (2.6) and Theorem 1 is proved.

6. THE TWO-DIMENSIONAL CASE

Proof of Theorem 2. Let { be an approximate interpolating Hamiltonian for
the billiard ball map B [14], i.e.

B(p) = exp(~{ 2 X,)(p) + O(L™)

in a neighbourhood of § +BQ. Denote by M, the closed curve M, = {{ =r}
for r € (=0,0), J small enough. For any p € M, consider the map R' 5
t — exp(tX,)(p) € M, and denote by [(r) its period. Let S be a transversal
to M;. For p € M, denote by t(p) the smallest positive time ¢ such that
exp(—tX,)(p) € S. Then (t(p), {(p)), 0 < t(p) < I({(p)) are symplectic
coordinates in a neighbourhood of S:BQ. We define ¢(p) = 2xnt(p)/I{(L(p))
and complement it to exact symplectic coordinates (¢ ,I) € T*(Tl). For this
purpose we seek for a function / = g({) so that the change x: T°0Q — T*("Il:l)
transforms the symplectic 1-form ¢ = ¢ds on X into Idg. Then I and ¢
satisfy the relation

{(p)
(6.1) 2nl(p) = —/0 I(rydr+1,,
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ly = fr o = [(0) = 2nl, where 7" is SIBQ with the positive orientation.
Denote by {(I) the solution of (6.1) with respect to { with initial condition
¢(f) = 0 and by {,, (/) its Taylor expansion up to degree M which will be
chosen large enough.

Now, in the coordinates (¢, /) the exact symplectic map B, = xB x_l can
be written as

M+3/2
By(p. 1) = (¢ + Ty (1), 1) + O((1— D)*"*7),
Ty = —% ,3‘4/2(1 ) in a neighbourhood of T' x {1} . As above, we first consider
B, in the sets
1 1 .
Aj=T x[l—Claj,[—Czaj]z'IF xl“j, j=1,2,...,
where 0< C,<C,, a; = 47/ and A=U;.21Aj- We choose M, =N +3//2,
N large enough, and consider B, in A ; as the perturbation of the map (¢ ,1) —
(o + r'M/(I ),I). By arguments similar to those in the proof of Theorem 5.2,
replacing /, b and N by j, 1/2 and N+(3j+1)/2 respectively, we construct
exact symplectic transformations U it A ;o A ; such that B = U j."lBU , are
generated by the functions rj(I) +H(p,I), j=1,2,..., H(p,I) = 0 for
(p,1) € T' x E; where E; are the preimages of the sets R, (see (2.8)) under
r; . Here for brevity we write © ; instead of 7 M, - Now we choose E = U;’Z[ E;.
We have
14)/2,7 1~ 2
E c{I el :|dk — k| > g\l =17 vk = (k, . k) € 7°\ {0}

with some 4’ >0, ¢ > | and repeating some details of the proof of (2.6), we
obtain (2.7).

We can glue K B H f and U f together using again Remark 1 after Poschel’s
Theorem A [16] which in the case n = 2 is quite obvious. Moreover,

N—1=58/2+j(1-8/2
107 (K =,y ) < Clf V71730 e

thus the function K is C* in T.
This completes the proof of Theorem 2.

Denote R = {w(I) =1'(I); I € E} and by w — I(w) the inverse map of
the diffeomorphism [I - 4,,0) 31 — w(l). Set A = U(Tl x {I{w)}). Then
2,=U ('IFl x E) is the union of the invariant curves A, of B with rotation
numbers p(A,) = w € R. It obviously satisfies the inequality

mes T’ — mes(£, NZ’) < Cpyo”
forany N >0, 6 >0 where 26=8Q><[1 -4d,1].

Corollary 6.1. There exists an approximate interpolating Hamiltonian { for the
billiard ball map B in a neighbourhood of S:BQ such that

B(p) = exp(~{'°X)(p)
Jorany peX,.
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Proof of Theorem 3. Let g€ I'(m,n), g={g,,...,8,}, €. Bj(gl) = &yyj»
j=1,...,n—1, B"(gl) = g, and g has a winding number m . Denote by X;
the reflection points on 8Q corresponding to g; and set g = (sj ,aj) where
S is the value of the natural parameter on 9Q at x ; and g is the cosine
of the angle between the oriented line segment linking X; with X and the
oriented tangent line at x Iz Let d be the maximal length of the arcs linking x ;
with Xir J=1,...,n,and then we have d < ml,/n < Jl,. Thus we obtain
0<1l-0,<C(9), C(d) > 0 as J > 0 which means that for § > 0 small
enough and m/n < & we have g € UR), 1<j<n,if geI'(m,n). From
BirkhofP’s theorem it follows that I'(m,n) = @ for n > n,, n, large enough.
We shall use the following lemma.

Lemma 6.2. Let (m, ,n,) eN? k=1,2,..., and 2nm, [n, — w as k — co.
Let gk - {gf‘, ,g,],‘k} €I'(m, ,n,) and U"l(gjl.‘) = (¢f,1,f) where the map
U is given by Theorem 2. Then the sequence {I;‘, 1<j<n., k=1,2,...}
is convergent and tends to I{w).

Proof. Denote by Q, (¢,I) the first component of the function Q(¢,I) in
Remark 2.2 and p(p,I) = 7' (1) + Q,(p,I). Then p, >0 for 0<I(-I<eg,
¢ > 0 small enough. Let g € I'(m,n) and U_l(gj) =(p;,1,), & € 8,
j=1,...,n,and let I(w)) < I, < I(w,), I(w;) € E, i =1, 2. Then
I{w,) < Ij < I(w,) for j =1,...,n and w, € R, w, < w,. Moreover,
for the rotation numbers of A, and g we have p(Aw'_) = r'(I(wi)) = w,,
p(g) = 2xm/n and since p is monotonely increasing with respect to I for ¢
fixed, we easily obtain w, < 2nm/n < w, .

Note that the set R has no isolated points, thus if there exists a sequence
¢ € T(m,n), k=1,2,... such that I ¢ (I(w)-e¢, I(w)+¢), then
I/I'(k ¢ (I(w,), I(w,)) forany k, j and some I(w,;) € E appropriately chosen,
I(w,) < I(w) < I(w,). Hence 2zm,/n, ¢ (w,,w,) which contradicts the
condition of the lemma.

By Theorem 2 B, is an exact symplectic map with a generating function
t(I) + G(p,I). It is easy to see that for o, = Idp we have Bjo, — o, = df
where f(¢,I) = IT'(I) — t(I) + h(p,I) and h(p,I) = 1G, (¢ ,1) - G(p,I)
vanishes on E. Since the L-spectrum of B is a symplectic invariant which
coincides with the length spectrum of Q (see [6]), we have

L(g) =Y f(By(p,. 1) =D f(9,.1)
j=1 j=1

where L(g) is the length of the periodic geodesic in Q corresponding to g =
{&,---.8,0€l(m,n), (p;.1)) = U—l(gj), provided that m/n < J and ¢ is
small enough.

Let m, /n, — w/2n and gk €I'(m, ,n,). From Lemma 6.2 we have |I]'.‘ -
I(w)] < ¢ for kK > k(e) > 0 where ¢ = ¢(w) is chosen so that 0 < ¢ <
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[I(w)~1]/2. Then t(I) = —2(K(I))** is a function of class C in the interval
I - I(w)] < ¢ and

IL(g)/m, — (@I(w) - 1(I(0)))| < C(w) max |I} — I(o)].

Hence the sequence L(gk) /n,, k=1, 2,...,1s convergent and for any choice
of gk eI'(m, ,n,) we have

(6.2) lim L(g")/n, = S(w)

where S(w) = wl(w) — 1({(w)) is just the Legendre transform of 7(I). Thus
L(m,n), m/n < J, recover uniquely the Legendre transform of t(I) in R.
Since E has no isolated points, one can recover from (6.2) the function (/)
forany I € E.

Now let Q, and Q, be two strictly convex domains in R, X = B*0Q;; let
B, be the respective billiard ball maps, i = 1, 2, and let the assumptions of
Theorem 3 be satisfied. Let E, be defined by E, = {I € (,—6,1,]; t,(I) € R},
[ = 16/2;: , i=1, 2. Itis easily seen that lé = lg since [y =1lim, ___ L(g""),
g"'el'(1,n).

Now for all w € R we have

S,(@) = Sy(®), S(w)=ol(w)-1,(0@), i=1,2

Since R has no isolated points, we can differentiate with respect to @w which
yields /,(w) = I,(w). Hence E, = E, and t,(I) = 7,(I) for I € E, thus
By (9,1) =B ,(p,I) forany (¢,I)€ T' x E, . Conjugating with U,, i =1,
2, we obtain the assertion of Theorem 3.

7. CONCLUDING REMARKS

7.1. A question may arise whether there exist strictly convex hypersurfaces
with closed elliptic geodesics satisfying conditions (2.1) and (2.3). We can an-
swer this question positively at least in the case n = 3, perturbing arbitrarily
little the metric on an ellipsoid with three different axes in an arbitrarily small
neighbourhood of any point of the shortest or the longest ellipse and applying
a classical result of Nirenberg (see [7]) on the isometrical embeddings of com-
pact oriented surfaces with Riemannian metric with strictly positive curvature
as smooth convex surfaces in R’ .

7.2. Theorem 1 and a theorem of Birkhoff-Lewis type (cf. [16]) show that
the closure of the periodic points of B in a neighbourhood of @ has a positive
measure.

7.3. The results obtained hold also for any generalised billiard ball map aris-
ing as a boundary map for a pair of glancing hypersurfaces (see [15]). Indeed,
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we used in the proof only some properties of the approximated interpolating
Hamiltonian but not the specific structure of X.

APPENDIX

As noted in §5, Theorem 5.4 can be derived from Poschel’s Theorem A [19].
The constants participating in the estimates throughout [19] depend only on 7,
o, A, p, R and a, but not on the domain or the parameter y, i.e. their
dependence on R, and, in Theorem A, on p, is not stated explicitly. In our
case we have R = Ca™’ , 0 < p<a/2,the parameters a and b participating
in the definitions of the domain DZ and the parameter y as well, thus we have
to follow the dependence of the various constants in [19] on R and, in Theorem
A, on p as well.

The Main Lemma in [19] holds for ¢ > 0 small enough depending only on
n, g, A, R and a, but not on the domain, y or p. We put J§ < CIR_3 and
follow the dependence of the constants ¢,, ¢;, ¢, ¢, in estimates (i), (ii),
(iii), (v) on R.

In the proof of the Main Lemma a version of the implicit function theorem
is used to solve for a local diffeomorphism ¢ and a small perturbation ¢ the
equation

(A.1) p(n(8)) = 9(0) +¢(0)
for a map 7 close to the identity /:

Lemma A.1 [19, Lemma 4.2]. Let ¢, ¢ be real analytic on the p-neighbour-
hood A+ p of a domain A in C", with |Dg|, ID(o—]I < S there. If

(A2) 16la,, < P/C
with a constant ¢ = c(n,S), then there exists a unique real analytic map
riA—A+p,  n—1], <2SIdl,,,

such that (A.1) holds. In addition, analytic dependence on parameters carries
over from ¢, ¢ to m. Also, = — I is 2m-periodic in {, if ¢ and ¢ are.

Following the proof of the above lemma, we see that we can choose the
constant ¢ = ¢(n,S) in (A.2) in the form ¢ = ¢(n)(1 + S3). Further on, for
any 6 < C 1R_3 , R large enough, the Main Lemma holds and the constants
¢, €y, €;, can be chosen independent of R while ¢g depends linearly on R.

From the Main Lemma we can derive Theorem B for the normalized value
of y=1< p. We find that the constant ¢, in [19, estimate (4.20)] depends
linearly on R while the constant ¢, in [19, (4.23)] can be chosen independent
of R. This provides an additional factor R~ in the left-hand side of the first
estimate (3.24) in [19] for y = 1 while the second estimate (3.24) and (3.25)
in [19] for y = 1 remain unchanged, with constant Cy independent of R.

Now we pass from the normalized value of y = 1 < p to the general case
0 < y < p. We replace the functions F and G in the formulation of Theorem
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Bin[19] by F FO= y"zFooa , G= y—zGoa respectively and apply Theorem B
for y =1 and the same R to the functions F° and G. This glves us functions
®, F,and T satisfying equalities (3.22), (3.23) in [19] for F°, G instead of
F°, G as well as estimates (3.24), (3.25) in [19] for y =1, the left-hand side

of the first inequality of (3.24) being multiplied by R™! and the constant Cg

independent of R. Now, the functions ® = g, o do ay_ ! , F = yzﬁ ) ay_ !

and T = 3T oo ' satisfy (3.22), (3.23) in [19] with the functions F°, G.
Moreover, estimates (3.24) in [19] hold for any y < p, the left-hand side of the
first estimate (3.24) being multiplied by R™'. On the other hand, we see that
the exponent of y in the right-hand side of (3.25) in [19] must be —1 and not
-2.

Now let the assumptions of Theorem A be satisfied, the left-hand side of
inequality (3.3) in [19] being multiplied by R and 6 < C lR—3 , C, independent
of R and p, i.e. the assumptions of Theorem 5.4 hold. Then from Theorem
B [19] we find, on account of the correction in estimate (3.25), that instead of
(3.7) in [19] the generating function S satisfies the estimate

-1 1 0
IS, 5. < Cpr ' RENH - H s

BABy —
Gy independent of R and p, which corresponds to estimate (ii) in Theorem
5.4. Moreover, Theorem A provides a diffecomorphism 7: T” x Q — T" x
I transforming the Hamiltonian vector field X,, on T" x I into the vector
field T7°X,, on T" x Q so that T" X |1, q = (@,8/06). Now, in order to
obtain Theorem 5.4, we replace S, y, H, H, and I by S, y,, H', H;
and DZ , respectively, and the canonical map T generated by S satisfies for

y,n) e AZ’./I the equality 7(y,n) = T(v,(8K'/8n)(n)) where K'(n) is the
nondegenerate Hamiltonian in (i) of Theorem 5.4 (K(P) in [19, (3.5)]).

REFERENCES

1. V. 1. Arnold, Small denominators and problems of stability of motion in classical and celestial
mechanics, Russian Math. Surveys 18 (1963), 85-193.

2. —, Mathematical methods of classical mechanics, Springer-Verlag, Berlin and New York,
1978.

3. V. 1. Arnold, V. V. Kozlov and A. I. Neustadt, Mathematical aspects of classical and celestial
mechanics, Current Problems in Math., Fundamental Directions 3, Moscow, 1985. (Russian)

4. R. Douady, Une démonstration directe de ’équivalence des théoremes de tores invariants pour
difféeomorphismes et champs de vecteurs, C. R. Acad. Sci. Paris Sér. A 295 (1982), 201-204.

5. —, Applications du theoreme de tores invariants, These, Univ. Paris VII, 1982.

6. V. Guillemin and R. Melrose, A cohomological invariant of discrete dynamical systems,
Christoffel Centennial Volume, Birkhauser, Basel, 1981.

7. R. Hamilton, The inverse function theorem of Nash and Moser, Bull. Amer. Math. Soc. 7
(1982), 65-222.

8. L. Hormander, The analysis of linear partial differential operators. 111, Springer-Verlag, Berlin
and New York, 1985.



12.

13.

14.

1S.
16.

17.
18.
19.

20.

INVARIANT TORI 81

. W. Klingenberg, Lectures on closed geodesics, Springer-Verlag, Berlin and New York, 1978.
10.
1.

—, Riemannian geometry, de Gruyter, Berlin and New York, 1982.

V. Kovachev and G. Popov, Existence of invariant tori for the billiard ball map near an elliptic
periodic geodesic, C. R. Acad. Bulgare Sci. 41 (1988), 19-22.

V. F. Lazutkin, Convex billiard and eigenfunctions of the Laplace operator, Leningrad Univ.,
1981. (Russian)

A. Magnuson, Symplectic singularities, periodic orbits of the billiard ball map, and the obstacle
problem, Thesis, M.1.T., Cambridge, Mass., 1984.

Sh. Marvizi and R. Melrose, Spectral invariants of convex planar regions, J. Differential Geom.
17 (1982), 475-502.

R. Melrose, Equivalence of glancing hypersurfaces, Invent. Math. 37 (1976), 165-191.

J. Moser, Proof of a generalized form of a fixed point theorem due to G. D. Birkhoff, Lecture
Notes in Math., vol. 597, Springer-Verlag, Berlin and New York, 1977, pp. 464-494.

G. Popov, Invariant circles and length spectrum of the billiard ball map, Preprint.
——, Quasimodes for the Laplace operator (in preparation).

J. Poschel, Integrability of Hamiltonian systems on Cantor sets, Comm. Pure Appl. Math. 35
(1982), 653-696.
N. V. Svanidze, Existence of invariant tori for a three-dimensional billiard, which are concen-

trated in the vicinity of a “closed geodesic on the boundary region,” Uspekhi Mat. Nauk 33
(1978), 225-226. (Russian)

INSTITUTE OF MATHEMATICS, BULGARIAN ACADEMY OF SCIENCES, ACAD. G. BONCHEV STREET
8, SoFiA 1113, BULGARIA



	0030047
	0030048
	0030049
	0030050
	0030051
	0030052
	0030053
	0030054
	0030055
	0030056
	0030057
	0030058
	0030059
	0030060
	0030061
	0030062
	0030063
	0030064
	0030065
	0030066
	0030067
	0030068
	0030069
	0030070
	0030071
	0030072
	0030073
	0030074
	0030075
	0030076
	0030077
	0030078
	0030079
	0030080
	0030081
	0030082
	0030083

